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Abstract. In this paper we are interested in a rigorous derivation of the 
Kuramoto-Sivashinsky equation (K-S) in a Free Boundary Problem. As a 
paradigm, we consider a two-dimensional Stefan problem in a strip, a simpli- 
fied version of a solid-liquid interface model. Near the instability threshold, 
we introduce a small parameter e and define rescaled variables accordingly. At 
fixed e, our method is based on: definition of a suitable linear ID operator, 
projection with respect to the longitudinal coordinate only, Lyapunov-Schmidt 
method. As a solvability condition, we derive a self-consistent parabolic equa- 
tion for the front. We prove that, starting from the same configuration, the 
latter remains close to the solution of K-S on a fixed time interval, uniformly 
in e sufficiently small. 



1. Introduction 

A very challenging problem in Free Boundary Problems is the derivation of a 
single equation for the interface or moving front which captures the dynamics of 
the system, at least asymptotically, when a suitable parameter e tends to 0. This 
program has been formally achieved by Sivashinsky in the pioneering paper [11] 
within the context of Near-Equidiffusional Flames (NEF) in combustion theory 
(see [10]). Near the instability threshold, achieved at the critical value a = 1 
(a reflects the physico-chemical characteristics of the combustible), the dispersion 
relation between the wave number k and the growth rate tOk reads: 

uj k = (a - l)k 2 -4/c 4 , 

and its counterpart in the physical coordinates is the Kuramoto-Sivashinsky equa- 
tion 
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$ T + !/$„„„„ + $„„ + -($„) =0 (1.1) 

(with v = 4) , a kind of modulation equation in the rescaled independent variables 
r = te 2 and T) = yy/e, when the small parameter e — a — 1 tends to 0. The 
Kuramoto-Sivashinsky equation, that we abbreviate hereafter as the K-S equation, 
or simply K-S, appears in a variety of domains in physics and chemistry, where it 
models cellular instabilities, pattern formation, turbulence phenomena and tran- 
sition to chaos, see (among many other references) [8j [13] and the bibliography 
therein. There are many heuristic derivations of the K-S equation in the literature. 
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Our purpose here is to provide some rigorous mathematical commentary on the 
derivation of this well-known model. 

As one would surmise at the outset, the K-S model comprises a balance between 
several effects. Roughly speaking, K-S arises when the competing effects of a 
destabilizing linear part and a stabilizing nonlinearity are the dominant processes 
in physical reality. The linear instability is itself the result of a competition between 
two linear operators, A = D m and vA 2 (we call vA 2 + A the Kuramoto-Sivashinsky 
linear operator). 

Put another way, the K-S equation is the simplest, and indeed a paradigm 
system in which these effects compete equally. It is this dominant balance that is 
explored rigorously in the present essay. It will turn out that in deriving K-S as an 
asymptotic limit of more complex systems, only certain type of terms contribute to 
the lowest order of approximation. Other types of terms will lead to higher order 
perturbations. In a forthcoming paper, we intend to consider the effects of these 
higher order perturbations on the basic K-S system. 

As a paradigm two-dimensional problem (see [31 El H] for the one-dimensional 
case and the Q-S equation in flame front dynamics), we consider a solid-liquid 
interface model introduced by Frankel in [6] . The solidification front is represented 
by x — £(t,y). The liquid phase occurs when x < £(t,y), the solid one when 
x > £(t,y). The dynamics of heat is described by the heat conduction equation 

T t (t,x,y) = AT(t,x,y), x + £(t,y), (1.2) 

where y G [—£/2,£/2] with periodic boundary conditions. At — oo, the temperature 
of the liquid is normalized to 0. At the front x = £(t,y) there are two conditions. 
First, the balance of energy at the interface is given by the jump 

~dT~ 

M - < L3 > 

where V n is the normal velocity. Second, according to the Gibbs-Thompson law, 
the non-equilibrium interface temperature is defined by 

T = 1 - 7 k + r(V n ), (1.4) 

where the melting temperature has been normalized to 1, k is the interface curvature 
and the positive constant 7 represents the solid-liquid surface tension. The function 
r is increasing and such that r(— 1) = 0, r'(— 1) = 1, see [51[7]- Hereafter, we assume 
that r — 1 is linear and we replace the curvature by the second order derivative. 
Therefore, (|1.4p becomes: 

T=l-rt yy + V n + l. (1.5) 

It is no difficult to see that System (| 1 . 2[) . (jl.3|) . (|1.4[) admits a one-phase planar 
travelling wave (TW) solution T, which satisfies 

Tx — T X xj x ^ 0. 

At the front x = 0, 

[fx] = -1, f= 1. 

Hence, f(x) = e x for x < 0, and f(x) — 1 for x > 0. 

As usual, we fix the free boundary. We set £(t, y) = — t + tp(t, y), x' = x — £(t, y) 
and we will omit primes. In this new framework, (|1.2I) reads: 

T t + (1 - y t )T x = A V T, x^0, 
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where A v = (1 + [ip y ) 2 )D xx + D yy — ip yy D x — 2(p y D xy . The front is now fixed at 
x = 0. The first condition (|f .3j) reads: 

ift = 1 + (1 + {ifiyf) [T x ] , (1.6) 

whereas we replace (|1.5p by 

T = 1 - 7^ + y> t + ^(^) 2 - 

Introducing the temperature perturbation u = T — T ', the problem for the couple 
(it, <p) reads: 

u t + (1 - ip t )u x - A v u - ip t f x = (A v - A)f, i^O, (1.7) 

where 

(A v - A)f = {(Lfyf ~ ip yy }e x X(-oo : 0) = ((fy) 2 - Vyy) T x . 

As in [1], we make further simplifications: (i) we consider a quasi-steady problem, 
dropping the time derivative Ut in (|1.7|) : (ii) we take a linearized problem for u; (iii) 
we limit ourselves to considering only the second order terms in the jump conditions 
at x = 0. Actually, as it has been observed in similar problems (see [3]), not far 
from the instability threshold the time derivative in the temperature equation has 
a relatively small effect on the solution. Our final system reads: 

u x - Ait - <p t f x = (A v - A)f, x^O, (1.8) 

<fit = M - (ifiy) 2 , (1.9) 

U|x=0 = -IVyy + ft + ^{fyf- (1-10) 

For the convenience of the reader, we recall the main results of 4j, where we 
considered Problem (|1.8[) - p.l0[) in the strip R x [— £/2, £/2], with periodic boundary 
conditions prescribed at y = ±£/2. More precisely, we studied the stability of the 
TW solution and proved the following result: there exists 7 C < 1 such that 

(i) for 7 > 7c, the TW solution to Problem (Tn^ - lfO]) ) is orbitally stable (with 
asymptotic phase); 

(ii) for < 7 < j c , the TW is unstable. 

We also showed that j c — 1 — SA^) + • • • , where — Ai(^) = — 47r 2 /^ 2 is the largest 
eigenvalue of the realization of D yy in C([— 1/2, £/2]) with periodic boundary con- 
ditions and zero average. 

The main tool is the derivation of a self-consistent equation for the front ip: 

^ + G((yg 2 ) = %>, \y\<^, (i-ii) 

where both f2 and G are linear pseudo-differential operators whose symbols uju and 
gk are explicit and go — ^. Hence, at the zeroth order G((ip y ) 2 ) coincides with 
the quadratic term of K-S. If we think formally of (jl.lip in the whole space (i.e. 
I = +oo), then ujk is the growth rate which expands, for small wave number fc, as 

u(k) = (l- 7 )fc 2 + (7-4)A: 4 + -- - , 

with exchange of stability at 7 = 1. Therefore, when 7 is close to unity, but smaller, 
it is natural to introduce a small parameter e > 0, setting: 
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and define the rescaled dependent and independent variables accordingly: 

t = r/e 2 , y — rj/y/e, u — e 2 v, ip — eip. (1-12) 

Then we anticipate, in the limit e — ► 0, that ip ~ $, where $ solves the following 
K-S equation (with v = 3): 

$ T + 3$ ww + $ w + i($ l; ) 2 = 0. (1.13) 

This is what we have to establish in a rigorous mathematical way. Let us fix 
4 > 0. The main idea is to link the small parameter e and the width of the strip, 
which will become larger and larger as e — > 0, i.e. as 7 — > 1. Take for I: 

ie = to/y/Z, 

which blows up as e — > and the strip R x [—4/2,4/2] approaches R 2 . We easily 
see that Ai(4) = 4tt 2 /£ 2 = An^ejl%\ hence, 

12tt 2 



7c = l- 



r 2 
< 



Thus, Iq becomes the new bifurcation parameter. We shall assume that 4 > v 127r 
in order to have 7 C e (1 — e, 1), i.e., 7 > 7 C , otherwise the TW is stable and the 
dynamics is trivial. Clearly, this is related to the stability of the null solution to 
K-S. The relevant eigenvalue of the Kuramoto-Sivashinsky linear operator 3.A 2 + .4 
is 3Ai(4) 2 — Ai(4) which vanishes for Ai(4) = 1/3, i.e., when 4 — Vl2ir. 

An important feature of this paper is that we work in the fixed strip R x 
[—£o/2,4/2], with the rescaled variables (11.1 2[) . We will return to the original 
variable only in the final section. 

The main result is the following. 

Main Theorem. Let $ G C 6+2q ([-4/2, 4/2]), for some a € (0,1/2), satisfy 
D^^oi— 4/2) = D-f' $o(4/2) for any k = 0, . . . , 6. Let $ be the periodic solution 
of (|1.13| (with period 4) on a fixed time interval [0, T], satisfying the initial condi- 
tion $(0, •) = $o- Then, there exists Eq — sq(T) € (0, 1/2) such that, forO < e < £q, 
Problem (|1.8|) - (|1.10|) admits a unique smooth solution (u,ip) on [0,T/e 2 ], which is 
periodic with period £q/\/s with respect to y, and satisfies 

<p(0,y)=e* (yJZ), \y\ < 

Moreover, there exists a positive constant C, independent of e £ (0, eq\, such that 

\ l p(t,y)-e<S>(te 2 ,yV^)\<Ce 2 , 0<t<^, \y\ < '" 



2y^' 

For a precise definition of what smooth solution means we refer the reader to 
Section 16.31 

Clearly, the initial condition for ip is of special type, compatible with <j> an< i 
(|1.1[) at t = 0. Initial conditions of this type have been already considered in [2(3]. 

The paper is organized as follows. In Section [3 we introduce some notation 
and the function spaces we extensively use throughout the paper. In Section [3] 
we proceed to a formal Ansatz in the spirit of [11]. We set 7 = 1 — e, split v = 
v° + ev 1 + . . ., if) = ip° + eip 1 + . . ., and show that ip° verifies the K-S equation 
(|1.13p . thanks to an elementary solvability condition. The paper consists in giving 
a rigorous proof of the Ansatz (i.e., to prove the main theorem), thanks to an 
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abstract solvability condition within the framework of adequate function spaces. In 
this respect, in Section|4]we transform System (|1.8|) - ljl.l0|) in an equivalent problem 
(for the new unknowns) using the techniques of [2], which are based on 

(i) definition of a suitable linear one-dimensional operator; 

(ii) projection with respect to the x coordinate only; 

(iii) Lyapunov- Schmidt method. 

This allows us to decouple the system into a self-consistent fourth order (in space) 
parabolic equation for the front ip and an elliptic equation which can be easily 
solved whenever a solution to the front equation is determined. Hence, the rest of 
the paper is devoted to study the parabolic equation. In this respect, according to 
the Ansatz, we split ip = $ + ep £ . In Section [5j we solve the fourth order equation 
for p £ , locally in time, with time domain possibly depending on e. Then, in Section 
|6l we prove that, for any T > 0, the function p e exists, and is smooth, in the whole 
of [0, T] provided e is small enough. This result is obtained as a consequence of 
some a priori estimates independent of e, which we prove in Subsection [5] The 
a priori estimates are also used to prove the main theorem (see Subsection 16 . 3[) . 
Finally, some technical tools are deferred to the appendix. 



2. Notation and function spaces 

In this section we introduce some notation and the function spaces which will 
be used throughout the paper. 

2.1. Notation. We denote by I, J_ and I + , respectively, the sets 

I = RX Ho/2,4/2], 

I- = (-oo,0] x [-4/2,4/2], 

1+ = [0,+oc) x [-4/2,4/2]. 

We use the bold notation to denote the elements of both the spaces C((— oo,0]) x 
C([0, +oo)) and C(7_) x C(I + ). Given an element u of the previous spaces we 
denote by u\ and u 2 its components. Hence, u\ G C((— oo,0]) (resp. u\ G C(I-) 
and u 2 G C([0,+oo)) (resp. u 2 G C{I+)). We write D^u (resp. D^u) (i = 
1,2,...) to denote the (generalized) function whose components are D^ui and 

D^U2 (resp. Dy'm and Dy^u 2 )- 

We extensively use the (generalized) functions T, T', U and V, which are defined 

by 




T[(x) =e x , x< 0, 
T>(x) =0, x > 0, 



(2.1) 



u 1 (x) = ^j^e x , x<o, j Vx{x)= (i-fz + y)^ ^<°> 

U 2 {x) = -, x>0, [ V 2 ( x ) = l + | ) x >0. 



(2.2) 



2.2. Function spaces. Here, we introduce the function spaces we use in the paper. 
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2.2.1. Spaces of one variable only. Let us fix to > and denote by 7 2 the space 
of all square integrable functions / denned in (— to/2, to/2), endowed with the 
Euclidean norm 

Mil = / , ™ 2 dv- 

Given a real (or even complex valued function) / e L 2 (~t /2,t /2), we denote by 
f(k) its fc-th Fourier coefficient, i.e., we write 

f(v) = E fWMv), V G (-lo/2, to/2), 

k=0 

where {wk} is a complete set of eigenfunctions of the operator 

A : D(A) = H 2 —> I? , Au = D m u, ueD(A), 
with ^o-periodic boundary conditions, corresponding to the non-positive eigenvalues 
4tt 2 4tt 2 16tt 2 16tt 2 36tt 2 

0,- 



t Q t Q t Q t Q t Q 

For notational convenience we label this sequence as 

= -A > -Ai = -A 2 > -A3 = -A4 > ■ • • 

For integer or arbitrary real s we denote by H s the usual Sobolev spaces of £q- 
periodic (generalized) functions, which we conveniently represent as 

{+00 +00 ^ 

w = J2 a kW k :J2Ko-l<+oo\, (2.3) 
k=0 fc=0 J 

with the usual norm. Next, for any (3 > 0, we denote by Cjj the space of all functions 
/ G := C 3 ([-to /2, £ /2]) such that f^(-£ /2) = f^(£ /2) for any 3 = 
0, . . . , [/?]. The space Cj 3 is endowed with the Euclidean norm of C^([— £o/2, 4)/2]). 

2.2.2. Function spaces of two variables. Given h, k £ N U {0}, an interval J C 1 
and a (possibly unbounded) closed set K C R d (for some tf G N), we denote by 
C h,k (J x if), the set of functions / : J x if — > R which are /i-times continuously 
differentiable in J x if with respect to the first variable and fc-times continuously 
differentiable in J x if with respect to the second variable. When J x if is a 
compact set, we endow the space C h,k (J x if) with the norm 

Wf\\c h -"(JxK) = sup||/(s,-)||c*=(K) + sup \\f{-,z)\\ C h {J) , (2.4) 

for any / G C h k (J x if). Using (|2.4p we can extend the definition of the spaces 
C h > k (J x if) to the case when h,k£N. 
Next, we introduce the space S£ defined by: 

X = {f = (/i,/ 2 ) G C(7_) x C(7+) : /1 G / 2 G C b (i+)} , (2.5) 

where "6" stands for bounded and the functions f\ and J2 are defined as follows: 
fi(x,r)) = e~ifi(x,r)), x<0, \n\ < 

^0 

fi(x,r/)=e 2/2(2;, ?y), a; > 0, |r?| < — . 
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In the sequel, we will write f := (/i,/2)< The space 5£ is a Banach space when 
endowed with the norm 

l|f|U = ll/illcu/-) + ll/2||c 6 (/ + ) := sup |/i(x,J7)|+ sup |/i(x,7?)|, 

(x,j7)e/_ (x,?))e/ + 

for any f £ 3£ ' . 

3. Formal Ansatz 

Let us set 7 = 1 — e in (jl.lOp . Applying the change of variables defined by (|1.12|) 
to Problem (| 1 . 8|1 - (| 1 . 10[1 . the problem for the couple (v, ip) reads (after simplification 
by e 2 ) as follows: 



and at x = 0: 



x - {vxx + ev m ) = (eipr + £(V'»?) 2 - iPv^Tx, (3.1) 

eVv = [vx] -eOAr,) 2 , (3.2) 

v\ x=0 = -tp m + £tp m + e(^r + ^(Vv,) 2 )- (3.3) 
In the spirit of [ITJ p. 75], we look for formal expansions: 
v = v° + ev 1 + . . . , V = i>° + e^ 1 + • • • 

of the solution to Problem (|3.ip — ()3.3|) . Considering the zeroth order part of (|3.1| - 
p.3p (i.e., the terms with no powers of e in front), it is easy to see that the function 
v° verifies the system 

vl-v Q xx = -i> Q m e*X{-™fl), (3-4) 
[v° x ] = 0, (3.5) 

«fx=o = ~<v ( 3 - 6 ) 
It is trivial to solve (|3.4p together with e.g., (|3 . 6|) : it gives 

r -^(i-x), x<o, 

V = < 

We remark that (|3.5p is automatically verified. Hence, we are unable to "close" the 
nonlinear system for (v°,ip°) at the zeroth order. This situation is quite common 
in singular perturbation theory when the zeroth order can not be fully determined, 
see e.g., [5]. In such a case, one needs to go to the first order, which is indeed 
linear. Most often, the latter demands a solvability condition, for example based 
on the Fredholm alternative, which provides the missing relation for the zeroth 
order. Therefore, repeating computations similar to the previous ones, we get the 
following system for (v , tp ): 

< ~ vL - v° m = + «) 2 - ^Kxc-oo,,,] . (3.7) 



At x = 0, 



v 



' -€ + «) 2 : (3-8) 



V 

1 

2 



«f a =o = + + € + 77(V^) 2 - (3-9) 
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Obviously, 



'>Pnnnv eX ( 1 - x ')i x ^ °' 



V'rjrjrjr;' X > 0. 

Clearly, the solution to (|3.7p is given by 

oe* + 2^ - V? - (^°) 2 + ^se* - K^zV, a: < 0, 

where a is an arbitrary parameter. There are two remaining unknowns at the first 
order, namely a and ip^, and still two relations at x = 0. First, we use (|3.9p . which 
gives: 

a = vHo) = -i>l n + + € + \{^ v f- (3-10) 

Second, we compute: 

x V w / r 77777777 

and 

t£((T) = a + 2^„„„ - V? - «) 2 + 
Therefore, from (|3.8p we get: 

«i(0+) - «i(0~) = -a - {3^ - $ - «) 2 + O = ^° + W") 2 - (3-11) 
Obviously (13.10[) - (|3.11[) is a linear system for (a,ip^ ) with solvability condition: 

<, + ^ + ^«) 2 +3V° w , = 0, 
i.e., verifies a K-S equation. 

4. An equivalent problem to (|3.1[) - (|3.3p 

The aim of this section consists in transforming Problem (|3.1[) - (|3.3p into an 
equivalent one. More precisely, we are going to decouple the problem for (v,ip), 
getting a self-consistent equation for the front ip and an equation for the other 
unknown (say z) which can be immediately solved once tp is known. 

In deriving the equivalent problem, we assume that the solution (v, tp) to Problem 
(|3.ip - (|3.3p in the time domain [0, T] belongs to the space ~fr x where 

Definition 4.1. For any T > 0, we denote by Yt the space of all functions v : 
[0,T] x R x [-4/2,4/2] -> M such that 

(i) v is twice continuously differentiable with respect to the spatial variable in 
[0,T] x I_ and in [0, T] x I + ; 

the functions {r,x,rj) i— > e~f D^u(t, x, rf) and (t,x,t]) h- > e~i D% u(T,x,rj) 
are bounded in [0, T] x J_ and m [0, T] x J_|_ /or anj/ i = 0, 1, 2. 
Further, for any a e (0,1/2), we denote by f/ie space of all functions 
C G C 1A ([0,T] x [-4/2,4/2]), suc/i tfarf Cr € C°' 2+Q ([0,T] x [-4/2,4/2]) and 
D^C(-,-4/2) = D ( v j) C(-,£ /2) for j = 0,1,2,3. 

Remark 4.2. 7t is immediate to check that, if C, € Wt, then the function ip VTl is con- 
tinuously differentiable in [0,T] x [—4/2,4/2] with respect to r and, consequently, 
i\>tt]i) — V'ijijt- Hence, in what follows, we always write t/vjjjj instead of ^> mT . 
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4.1. Derivation of a self-consistent equation for the front. In this subsection 
we derive a self-consistent equation for the front. Since its derivation is rather long, 
we split the proof into several steps. 

4.1.1. Elimination of 'ip T . First we eliminate ip T in (|3.1[) thanks to (|3.3p . getting the 
equation 

v x - v xx - ev m - v(-, 0, -)f x = Qe(^r,) 2 - eiprm J T x . (4.1) 
Let us set v(t,x,t]) := (u(r,a;,r7)x(_ 00>0 ](a;),«(T,a; ! 7/)x[o, + oo)(^)) and 

Fo = Urm - \{^vf\ T '> <? = ^ + Wv> 2 , 

where T' is given by ()2. 1|) . Taking (II. 6|) and (|4.1|) into account, one can easily show 
that the function v solves the problem 

jSfv = eF - ew m , 

«2(-,<V)-«i(-, 0,0 = 0, (4.2) 
Ac«2(-,0, •) - D x i;i(-,0, •) = e.g, 



where 

(J2fv)(-,ar,77) 



D xx vi(-,x,r]) - D x vi(-,x,r]) + e x vi{-,0,r)), x<0, \r)\ < -f, 
D xx v 2 (-,x,rj) - D x v 2 (-,x,r)), x>0, \rj\<^-. 

4.1.2. Lifting up the boundary conditions. Now we are going to use the first part of 
(|1.6p . We introduce the new unknown w = v eJt / (g), where j¥{g) — g(V — T), 
and V and T are defined in (|2.1[) and (|2.2p . With a straightforward computation, 
we see that the function w turns out to solve the problem 

Jz*w = sF - £w m - e 2 3l)1) ._yr(l) - e 5 ^^(l), 

W 2 (;0,-)-W 1 (;0,-)=0, (4.3) 

D a t« 2 (-,0.-)-I>xt«i(- s 0,-)=0. 

Since v S 'Xt, v(t, ■), -£V(t, •) G J£T (see (|2.5p for the definition of the space for 
any r € [0,T], then a straightforward computation shows that the function w(r, •) 
belongs to cSST for any r £ [0, T], and, hence, to the set 

{h e c 2 '°(/_) x c 2 <°(/+) : h, ^fh e ar, D^h^Q, ■) = D^h 2 (0, •), j - 0, l}, 
which is the domain of the realization L of the operator jSf in JT, see Section |A. II 

4.1.3. j4 Lyapunov- Schmidt method. From the results in the previous subsection, 
we know that w(r, •) € for any r £ [0, T], and it solves the equation 

Lw = eF - ew w - e 2 5w ^(l) - eg£><SK(l). (4.4) 

We are going to project (|4.4[) along a suitable subspace of ^ST, to derive a self- 
consistent equation for the front ip. 

As Theorem IA.1I shows, the operator L is sectorial in X . Hence, it generates 
an analytic semigroup. Moreover, is an isolated eigenvalue of L and the spectral 
projection on the kernel of L is the operator s defined by 

= f 1 (x,-)dx + £ e- x f 2 (x,-)dx^ U:=Q(f)U, f 6 X. 
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From the very general theory of analytic semigroup, it follows that, for a given 
g G the equation Lz — g admits a solution z G D(L) if and only if ^(g) = 0. 
Since w solves Equation (|4.4[) , it follows that 

^(eF - ew m - eg%Jf{\) - s 2 g m Jf{\)) = 0, 

or equivalcntly, after division by e > 0, 

= Q(F - w„„ - g&JT{l) - eg m JY(l)). (4.5) 

Since 

QCFo)-^,-^^) 2 , (4.6a) 
44 

Qigvv^i 1 )) = -j9m = g (ipTTiri + ((%) )vv) > ( 4 - 6b ) 
QiaXJTQ)) = -g = -A - {^ n )\ (4.6c) 
we can rewrite Equation (|4.5p as follows: 

VV - -Elprrm + T^r;) 2 + VV) ~ 3 E (W>»?) 2 )»?»? = <9( w r)»))- ( 4 - 7 ) 

To get a self-contained equation for the front -0, we have to give a representation 
of Q{*w m ) in the right-hand side of (|4.T[) . For this purpose, in the spirit of the 
Lyapunov-Schmidt method, we split w(r, •) (r G [0,T]) along ^(JT) and (I — 
3^){5C). Writing 

w = alJ + ez, 

and observing that our assumptions on v guarantee that the function z m belongs 
to we get 

Q(w w ) = Q(a vn U + ez nn ) = a m . (4.8) 
Let us compute a and its derivatives. We use the relation in (13. 3p to obtain 

-a + eziO,0, •) = (e-l^m+e^T + ieW',,) 2 - 

Thus, 

3 
2 

From (j4~8]> and (j4~9]) . it follows that 

3 
2 

Replacing into (|4.7p we get the following equation for -0: 

13 1 17 

Vv - yeVVw + 3(1 - e)^ + V w + ^ (^?) + 3eI? w 2i(-,0, ■) = -e(W,) 2 ) w . 

(4.10) 

We already see that (|4.10[) reduces to K-S if e = 0. However, we still have z\ in 
the right-hand side of (|4.10[) . In the next subsection, we write it in terms of ip. 



,,,, - -3££> w zi(-,0, •) + 3(e - l)Vv?w + 3e?/v w + ^(W^W (4.9) 



Q( w vv) = -3£-D OT 2i(-,0, •) + 3(e - + Seiprvv + 7i s ({i'v) 2 )w 
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4.1.4. The equation for z. To write D m z\{-, 0, •) in terms of the function ip } we 
determine the equation satisfied by function z. Projecting Equation (|4.4|) along 
(I - 2?){3£), we see that the function z(r, ■) = (!- ^)z(t, •) e £>(£) (r e [0,T]) 
solves the equation 

Lz=(I- ^)(F ) - ,g(J - 5»)(jSf^(l)) - eftm (J - ^)(^(1)) - ez vv . (4.11) 
From (|4.6a|) - (|4.6cp we obtain 

(I - <J»)(F„) = U m - (T' - U), 

g rn (I - &){-jV{\)) = (yj Tnn + ((^) 2 ) w ) (V - T - 

so that we can rewrite Equation (|4.11|) as 

1 



Lz + ez m = [4> m - ) (T' - U) 



V T 



-U 



(4.12) 



We now observe that the operator L + eA := L + eD nv with domain 
D(L + eA) ={u e D{L) : u m € X, 

D^ Ui (; -£ /2) = D^ Ui (-, £ /2), i= 1,2, j = 0,l}, (4.13) 

is closable and its closure, denoted by L e , is sectorial and is in the resolvent set 
of the restriction of L e to (I — &)(X) (see Theorem IA.2|) . Hence, we can invert 
(|4.12p using i?(0, L e ) — (— L e ) _1 , collecting linear and nonlinear terms in ip: 



z =R(0, L e ) -Vv,(T' - U) + eVr W V - T 



-U 



/,'((). L_. ) ( i(^) 2 (T' - U) + e{{^f) m (v-T-Uj 



(4.14) 



4.1.5. The fourth-order equation for the front. Using (|4.14|) , we can compute 
zi(-,0,-) getting 

zi{; 0, •) = - (R(0, L e ) [% V {T' - U)]) (-,0, •) 



e i?(0,L £ 



1 



V- T- -U 

3 



0,0,-) 



+ \ R(0, L e ) [ ~(%y(T' - U) + e((W,r) w 



V - T - -U 

3 



(•,o,-). 



Since z% is as smooth as v\ is, we can differentiate the previous formula twice with 
respect to n obtaining 

D^zti; 0, •) = - (D vv R(0, L e ) [4> nv (T' - U)]) (•, 0, •) 



e D m R{Q,L e ) 



i> Tm V - T 



-U 



(•,o,-) 



-{D wJ R(0,L £ )((^) 2 (T'-U))}(.,0,-) 
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+ slD m R(Q,L e ) 



V-T--U 



(•,0,-). (4.15) 



Estimate (|A.2[) and our assumptions on ip (which guarantee that the function ip vv 
is continuously difTcrentiable in [0, T] with values in C a ([—£o/2,£ /2}), see Remark 
H2H show that the function (D vv R(0,L e ) [i> m (V - T - fU)]) (-,0,-) is contin- 
uously differentiablc in [0, T] x [— £ /2,£o/2] with respect to r and its derivative 



equals the function (D vri R(0, L e ) [VVijij (V 



|U)]) (■, 0, •)■ Hence, replacing 



(|4.15p into (I4.10p and taking the above remark into account, we obtain that the 
function ip eventually solves the fourth-order equation 



^ £ V = ^ + ^s((^) 2 ), 



where 



13s 



3e 2 [D vv R(0,L £ 



V T 



3 



-U 



(4.16) 



(-,0,-), (4.17a) 



^ = -3(1 - e)ij) mm - i> m + 3e {D, P1 R(0, L s )[i> m {T' - U)]) (-,0, •), (4.17b) 

'1 . („ _ 4. 



-3eZ> 



-V(T' - U) + e^„ ( V 



-U 



(-,o,. 



17e . 1 . 



(4.17c) 



Clearly, (|4.16p reduces to K-S when we set e = 0. 



4.2. Equivalence between Problem (j3~Tj) - (|3~3")) and Equation (f¥7T7j|) . The fol- 
lowing theorem states the equivalence of Problem (|3.1[) - (|3.3p and Equation (|4.16p . 

Theorem 4.3. Fix e,T > and a E (0,1/2). Further, let (v,ip) € f T X W T be 
a solution to Problem (|3.1[) - (l3.3p (see Definition ^. 1\ . Then, the function -0 turns 
out to solve Equation (|4.16p . 

Viceversa, iftj) E *s a solution to Equation (|4.16p . i/ien i/iere exists a function 
v E "^r swc/i i/ia£ £/ie pair (v,ip) solves the Cauchy problem (|3.ip - (|3.3p . 

Proof. In view of the arguments in Subsection l4.U we just need to show that to any 
solution ip E Wt to Equation (|4.16p there corresponds a unique function v E fr 
such that the pair (v,ip) solves Problem (I3.ip - (|3.3p . For this purpose, let z be 
defined by (|4.14p . By assumptions, the functions ij)^, ijjl, {{ip v ) 2 )r n an( l VVjjjj are 
bounded in [0, T] with values in the space C^. Moreover, the functions T' — U 
and V - T - |U are in (/ — ^)(^T). Hence, we can apply Theorem IA.2r iv) and 
conclude that z(t, •) is in D(L + eA) (sec (j4.13|> ) for any r £ [0, T]. 

Clearly, the components z\ and z-i of z are continuous in [0, T] x J_ and in 
[0,T] x /_)_, respectively. Let us show that also the spatial derivatives (up to the 
second order) of the functions z\ and Z2 are continuous in [0, T] x I_ and [0, T] x I + . 
This follows from the estimate (|A.2p provided one shows that the functions i^ nv , 
{(il>v) 2 )vv an d ^rrfq are continuous in [0, T] with values in for some 9 E (0, a). 
Such a property can be proved using an interpolation argument. Indeed, it is well- 
known that, for any 9 E (0, a), there exists a positive constant C such that 



IV>llce([-VVo/2]) < Clh 



1 1-0/ a i 
IC(HV2,V2])I 



,e/a 

C°([-£ /2,fo/2])' 
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for any ip £ C a ([~£o/2, £o/2]) (see e.g., [2]). Applying this estimate to the function 
VV/( t 2j ') — V'ijijC 7 "!; ')> w hh ti,T2 £ [0,T], shows that iprjfj is continuous in [0,T] 
with values in C 6 ([—£ /2,£ /2}) (and, hence, in C$), for any 9 £ (0, a). The same 
argument shows that the functions ip 2 , (('>Pv) 2 )vv an< ^ VVrjrj are continuous in [0, T] 
with values in Cf as well. Finally, since z(t, •) belongs to D(L + eA) for any r € 

[0, T], the functions (t, x, 77) 1— * D x z\(t, x, rf) and (r, a;, 77) 1— > D n Zi\j, x, 77) 
are bounded in [0, T] x 7_ and in [0, T] X If, respectively, for any i = 0, 1, 2. 

The function z will represent the component along (7 — 3 g )(^%~) of the func- 
tion v - e^V(i/j T + (i/j y ) 2 ), where v 1 (-,x,-) = v(-, x, ■)X(-oo,o] (x), v 2 (-,x,-) = 
v(-,x, -)X[o.+oo) ( x ) an d v is the solution to Problem (|3.1[) - (13.3[) we are looking for. 
The computations in Subsection 14.11 suggest to set v := w + e.jV(ip T + {ipy) 2 ) '■= 
aU + ez + e,yV(il) T + {4>y) 2 ), where 

a = -3e Zl {; 0, •) + 3(e - 1)V> W + 3e^ r + ^e(^) 2 . (4.18) 
Using Formulae (|4.6a|) - (|4.6c|) and (14. 15)) we can show that 

^(eF - ew„ - eJ?yK(iP T + (^) 2 ) - e 2 ,jV{{^ T + {^) 2 ) m )) = 0. 
Hence, the function v solves the equation 
J^v =L(aU) + eLz + e2J/{$ r + (ipy) 2 ) 

=(J - 0>){eF o - ew vv - e£gJf(^ T + (7/v,) 2 ) - e 2 ^((^ T + [ip n f) m )} 

+ eJ?(.yV(tp T + (i> y ) 2 )) 
=eF - ew w - e 2 ^V((i/j T + {^ v ) 2 ) m ) 
=eFo — ew m . 

Moreover, it is easy to check that v satisfies also the boundary conditions of the 
Cauchy problem (|4~2j) . 

Clearly, the function 7; defined above belongs to ~fr and the pair (v, ip) solves the 
differential equation (|3.1|) . Using the second boundary condition in (14. 2p , it follows 
immediately that (v,i/j) satisfies condition (13.21) . Finally, to check condition ()3.3[) 
it suffices to use (I4.18|) . recalling that jY{$ t + (V^) 3 ) vanishes when 77 = 0. This 
completes the proof, rj 



4.3. The equation for the remainder. In view of Theorem 14.31 in the rest of 
the paper we deal only with Equation (|4. 1 6[) with periodic boundary conditions. 
To begin with, we recall the following result about K-S: 

Theorem 4.4. Let <J> € C® +a for some a £ (0, 1/2). Then, the Cauchy problem 

' $ r (r,?7) = -3$ ww (r,77) - $ w (r,7/) - i($^(r,77)) 2 , t > 0, \v\<%, 
< D*<S>(t,-£ /2)=D*$(t,£ /2), t > 0, k = 0,1, 2, 3, 

k $(0,7?) = $0(77), M<f, 

(4.19) 

admits a unique solution $ £ C 1,4 ([0, +00) x [-£ /2,£o/2]). In fact, $ £ l ty T for 
anyT>0. 
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Most of the literature is about the differentiated version of K-S. For this reason 
and the reader's convenience, we provide a full proof of Theorem l4.4l in the appendix. 
According to the Ansatz, we split 

ip = $ + ep e , 

which defines the remainder p e . To avoid cumbersome notation, we simply write p 
for p e . From Theorem 14.41 we know that p S $r (see Definition 14. 1|) and it solves 
the equation 



§;&e(p) = ^e{p) - %P n - l(Pn? +tPn?) 



where 



M) =yU - 3 [D m R(0, L e ) Qc(T' - U) + ei m (V 



je £ (<f>) =3$ 



nvvv 



3(D, pl R(0,L E ){<t>, pl (T' - U)]) (.,0,-) + y$ T 
Qtv, (v-T- VjlV-,0,-). 



T -U 

13 



(4.20) 



(•,o,-); 



3s D m R(0, L e ) 



Equation (|4.20|) on [— £o/2,^o/2] is supplemented by periodic boundary condi- 
tions and by an initial condition po at r = 0. For simplicity, to avoid lengthly 
computations, we take hereafter po = 0, namely, ip(0,-) = $(0, •) = $o- In other 
words, the front ip and the solution of K-S start from the same configuration, which 
is physically reasonable. More general compatible initial data can be considered as 
in HE]. 



5. Local in time solvability of Equation (|4.20|) 

As it has been remarked in the introduction, except for small £q, where the TW 
is stable, global existence of p is not granted. 

In this section, we prove the following local in time existence and uniqueness 
result. 

Theorem 5.1. For any e £ (0, 1/2], there exist T e > and a unique solution p to 
Equation (|4.20[) which belongs to Wx s (see Definition ^. 1\ and vanishes at r = 0. 

The proof is rather long and needs many preliminary results. For this reason, 
we split it in several steps. Before entering the details, we sketch here the strategy 
of the proof. 

As a first step, for any fixed e > 0, we transform Equation (|4.20[) into a semilinear 
equation associated with a sectorial operator. Employing classical tools from the 
theory of analytic semigroups we prove that such a semilinear equation admits 
a unique solution p = p £ defined in some time domain [0, T e ], which vanishes at 
r = 0. Using some bootstrap arguments, we then regularize p, showing that it 
actually belongs to / 3^r e ■ These regularity properties of p allow us to show that it 
is in fact a solution to Equation (|4.20| . 



5.1. The semilinear equation. In this subsection, we show that we can transform 
Equation (|4.20p into a semilinear equation associated with a second order elliptic 
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operator. We obtain it inverting the operator SS E in (I4.17a.jt . i.e., the operator 
defined by 



13e 

3Se^ = i> - -g-Vim + 3e 2 ( D vv R{0, L E ) 



< V, ( V - T - |u 



(-,0,-). 



By Theorem IA.2I and the results in the proof of Theorem 14.31 we know that the 
operator SS E is well-defined in C^ +e for any 6 G (0, 1). We will show that 3§ E can be 
extended to the whole of with an operator which is invertible. For this purpose, 
we compute the symbol of the operator 3§ E . 

Throughout the section, given a function / : Jx [— £o/2, £q/2] — > R, where Jcl 
is an interval, we denote by f(x, k) the fc-th Fourier coefficient of the function f(x, •). 
Moreover, we set 

X e ,h = V / l + 4eA fc , fceNU{0}. (5.1) 

Lemma 5.2. Fix e <G (0, 1/2] . Then, the k-th Fourier multiplier b E , k of the operator 
£% E is given by 

3 (X E , k + l)(Xl k + 2X E , k -l) 
b E ,k = -7 y — 5 3eA fc (fc^+oo). (5.2) 

Proof. Even if the proof can be obtained arguing as in the proof of [H Prop. 4.2], 
for the reader's convenience we go into details. 

The main step of the proof is the computation of the symbols of the 
two operators <p i— > u := (R(Q, L e ) [ip (V — T — 3U)]) (0, •) and ip i— * v := 
(i?(0, L E )[ip(T' - U)]) (0, •), for any e > 0. To enlighten a bit the notation, through- 
out the proof we do not stress explicitly the dependence on the quantities we con- 
sider on e. 

We claim that 

4 AXi. + 7 

^--- H x k + mx k+ 2f ^ fc = °< 1 '--' w 

W>Q = l (X k + l)iX k + 2f W> * = °' 1 '- (5 ' 4) 
We limit ourselves to dealing with the function u, since the same arguments apply 
to the function v. Let us first assume that ip is smooth enough. Since the function 
V — T — |U belongs to (I - ^)(JT), from Proposition FOlf iii) it follows that 
u G D(L + eA), so that Lu + eAu = -(V - T - §U)(/j. Moreover, the function 
u(-, fc) belongs to (/ — &)(D(L)) and solves the equation (eX k — L)u(-, k) — (V — 
T — |U)<y5(fc) for any k = 0, 1, . . . Since Afc is in the resolvent set of the operator L 
for any k = 0, 1, . . ., by Theorem lA.il it follows that 

ii{-,k)=R{e\ k ,L)(v-T-^lj)<p{k), fc-0,1,... (5.5) 

Formula (|5.5[) can be extended to any function ip G by a straightforward ap- 
proximation argument. 

From formula (|A.1[) it is immediate to check that 

2eA fe 



(E( £ A fe ,i)f)i(0 r 



1 + {2e\ k - l)X k 

e-^ t f 1 {t : -)dt+ / e-^ kt f 2 {t,-)dt 
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for any f = (/i, f%) 6 <ST, where 

!y i,fc=2 _ ^fe' ^2,fe = ^ + ^fe, ft = 0,1,... 

Hence, from the very definition of the functions V, T and U (see (|2.1I) and (|2.2p ). 
we get 

i / 4 M , , i - 5^2. fe - 3 



(^+^-^r^v-T--uj| i( o)- K ^ 

4 (4X fc + 7)(X fc -l) 
9 Xfe(X fe + l) 3 

Since is in the resolvent set of the restriction of L to (7 — JT), we can extend 
the previous formula, by continuity to A = 0. Thus, 

~m n 4 2 £ A fc (4Xfe + 7)(Xfc-l) 

Wl(0 '' } = -9 1 + (2 £ A fe -l)X fe (X fc + 1)3 
_4 (4X fc + 7)(X fc -l) 
9(X fe +2)(X fc + l)2^ h 

for any fc = 0, 1, . . ., and the assertion follows. 

Now, using Formulae (|5.3[) and (|5.4[) . it is immediate to complete the proof, rj 

Proposition 5.3. For any e G (0,1/2], </ie operator 2$ e is invertible from 
into for any 6 G (0, 1). 

Proof. From Lemma 15.21 we know that fe^, 7^ 0, for any t £ NU {0}. Hence, 
operator ^ e admits a realization in L 2 which is invertible from H 2 into L 2 . We 
still denote by 38 € such a realization. To prove that is invertible from C 2 
into Cj, let us fix / G C» and let it G iJ 2 be the unique solution to the equation 
,<3§ e u = f. Taking (|5.2p into account, it is immediate to check that, we can split 
S3 e = —ZeD m +tM e , where S£ e is a bounded operator, whose symbol (b e ,k) satisfies 

3 

b e ,k ^ -^\/ e\k, (k—>+co). 

It follows that the function £§ £ (u) is in Cj. By difference u m is in Cj as well. A 
bootstrap argument can now be used to prove that, if / G , then u G C 2+61 - □ 

In view of Proposition 15. 31 we can invert the operator 38 e from C 2+e into C® for 
any e (0, 1), getting the following equation for p: 

Pt (t,-) =^ £ (p(t,-))+^(t )A7 (t,-)), tg[0,T], (5.6) 

where 



jr £ (r, p) ((<!>„ (r, -)) 2 )) - ^(^(r, » + 2e^- 1 (^(<i> r) (r, •)/>)) 

e 

~ 2* 



: -V) +e 2 «r 1 (^(^)) + S^ 1 ^^) 
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- 1 ((£> w ii(0, L E )[*„„(T' - U)]) (-,0, •)) + (* TW ) 
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3e^- L D nv R(0,L e ) 



«!>,-„„ ( V-T--U 



(.,0,.) . (5.7) 



5.2. Solving Equation (|5.6p . Here, we prove an existence and uniqueness result 
for Equation (|5.6p with initial condition p(0, •) = 0. For this purpose, we need to 
thoroughly study the operators 8% e and Jfc e . To enlighten the notation, we do not 
stress explicitly the dependence on e of the symbols of the operators we are going 
to consider. In particular, we simply write X k for X £ ^ k (see (|5.ip ). 

We begin by considering the operator 3i e . Taking Proposition 15 . 31 and Theorem 
IA.2f iii) into account, it is immediate to check that the operator £% e is well-defined 
in C^. Actually, we show that it can be extended to C\ n C 2 with a bounded 
operator which is sectorial. 

Proposition 5.4. For any e € (0,1/2], the operator ffl B can be extended with a 
sectorial operator R e having (1 C 2 as domain. Moreover, Dr b (9, oo) = C 2 for 
any 9 € (0, 1) \ {1/2}, with equivalence of the corresponding norms. 

Proof. To begin with, we compute the symbol of the operator Sf s , We have: 

Sk- 16e 2 (X k + 2) 48(e-l)e\ k , (5.8) 

as k — > +oo. Hence, from (|5.2[) and (]5.8[) it follows that the fc-th symbol of the 
operator S% e is 

_ (X 2 -l){(e-l)X 2 + (e-l)X k + 2} 
k Ae 2 {X 2 + 2X k -l) ' U5i ''-- 

At any fixed e € (0, 1/2] r k ~ (1 — e )Afc as k — ► +oo. Hence, we can split 



(fc -> +oo). 



where the symbol of if! 1 -* is 

(i) = (X 2 -!){(!- e)X k + s + l} (l-eWe 
k Ae 2 {X 2 + 2X k -l) ' 2e 2 

We claim that the operator admits a realization in C([— Iq/2,Iq/2\) which is 
a bounded operator mapping C^ +a (for any a S (0, 1)) into Cj. As a first step, 
we observe that, due to the characterization of the spaces H s given in (|2.3[) . the 
operator i^ 1 ^ admits a realization which is bounded from H s into i/ s_1 for 

™ 1/2 

any s > 1. It is well-known that CJ™ C iT m C with continuous embeddings, 



for any m > 1/2 such that m — 1/2 ^ N. As a consequence, the operator i?e ' is 
7| into Cj S " 



bounded from C! into C u s 3/2 for any s > 3/2 such that s — 3/2 ^ N. Therefore, the 



operator ^ e can be extended with a bounded operator R e from D(R e ) = C\ H C 2 
into CQ-io/2, io/2]). 

Let us now prove that R e is sectorial. For this purpose, we note that C® belongs 
to the class J g / 2 between C([-£ Q /2,e /2]) and C^nC 2 , for any 9 E (0, 2), i.e., there 
exists a positive constant K such that 

2-6 

H/llc7"([-Wo/2]) < #ll/llc([-V2,V2])H/llc^ ( 5 ' 9 ) 

for any / £ Cl n C 2 , and the realization of the second order derivative in 
C([—£q/2,£q/2]) with domain C\ n C 2 is sectorial. Hence, we can apply jH Prop. 
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2.4. l(i)] and conclude that the operator R £ is sectorial in C([—£o/2,£q/2]). From 
the above arguments, it is now clear that the graph norm of R e is equivalent to the 
Euclidean norm of C\ n C 2 . Hence, gfj Prop. 2.2.2] implies that D Re (0,oo) = Cf 
for any 9 G (0,1) \ {1/2}. Q 



We now consider the operator jXf e . From Proposition 15.31 and Theorems 14.41 
IA.2f iii). we know that the operator J(f e is continuous from C 2+a into [0, +oo) x Cj 
for any a > 0. Let us show that it can be extended to a larger domain. 

Proposition 5.5. For any e G (0,1/2], the operator ,Jfc e can be extended with a 
continuous operator mapping Cf into [0, +oo) x Cf for any s G [0,2]. Moreover, 
for any T > and any r > 0, there exists a positive constant K = K(T,r) such 
that 

|| JT £ (r 2 , 4,) - J£(ri, VOUoo + V) - ^(r,OI|oc < K (|r 2 - n| + - , 

for any r, n , T2 G [0, T] and any if), £ G i?(0, r) C Cj . 



Proof. As a first step, we observe that, using Formulae (|5.3|) and (|5.4I) . one can 
easily show that the fc-th symbol g k of the operator ^ e is 

9k = - Xk 2(X k + l)(X k + 2Y (5 ' 10) 

From ([5~2]) and ([BTTO]) . it follows that the symbol of the operator 3f e := £%~ lc S e is 

2^ 3A fc 2 + 15A fc + 4 
Z " 3 k (X k + inxt + 2X k -l) 2e +Zk ' 



where 



Hence, we can write 



,(i) 



1 



4V^ 



(5.11) 



2e 

Formula (|5.1ip shows that the operator is bounded from H s into _ff s+1 for 

any s > 0. Hence, it is bounded from C| into C^ +e for any s G N U {0} and any 
9 G (0,1/2). As a byproduct, the operator 3f e is bounded from C| into itself for 
any s > 0. Since, 

,je £ (r,4,) =^(($,(r, -)) 2 ) - ^r x ( $ n( T > -)v>) + 2 £ ^(<i> t) (T, ov) - f W 



13 
3~ 

3^ {p w fl(0, L £ )[% V (T' - U)]) (-,0, •)} 



+ e 2 %{^ 2 ) + Z@- l {$ vrirrn ) + — ^ £ - 1 ($ TW 



Se^ 1 LD™i?(0,i e ) 



4 



- T7/7/ 



(•,o,. 



for any ^ € Cj, taking Proposition [5J3] and Theorem 14 . 41 into account, the assertion 
follows at once, n 

From all the previous results, we get the following: 
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Theorem 5.6. For any e G (0,1/2], Equation (|5.6|) admits a unique solution p 
defined in a maximal time domain [0, T £ ) which vanishes at t = 0, belongs to 
C 1 - 2 ([0,T e ) x [-4/2,4/2]) and satisfies p(-,4/2) = p(-J /2) for j = 0,1. 

Proof. Combining [9l Theorems 7.1.2 and 4.3.8], we can easily show that Equation 
(|5.6p admits a unique solution p, defined in a maximal time domain [0, T e ), which 
belongs to C 1,/3 ([0, T e ) x [-4/2,4/2]) for any (3 < 2, vanishes at r = 0, and 
satisfies p(-,£ /2) = p(-,£ /2) for j = 0, 1. Moreover, R e (p) is continuous 
in [0, T s ) x [—4/2, 4/2]. Since R £ (p) and ^^D m differ in the lower order operator 

(see the proof of Proposition IQj). p w € C([0,T s ) x [-4/2,4/2]), as well, and 
this completes the proof, rj 

5.3. Proof of Theorem 15.11 In this subsection, using some bootstrap argu- 
ments, we show that the solution p to the Equation (|5.6p . whose existence has 
been guaranteed in Theorem 15.61 is actually a solution to Equation (|4.20[) . Of 
course, we just need to show that both the functions p^ and p T belong to 
C°' 2 ([0,T e ) x [-4/2,4/2]). Throughout the proof, we assume that V is any arbi- 
trarily fixed real number in the interval [0, T e ). 

To begin with, we observe that, from (|5.7|) . Theorem 14.41 and Proposition 15. 3[ 
it follows immediately that the function ,X Z is continuous in [0, T'\ with values 
in D Re {6,oo) for any € (0,1) (see Proposition I5.4|) . since the operator 3f e is 
bounded from C| into itself for any s > 0, by the proof of Proposition 15.51 and an 
interpolation argument. Therefore, we can apply Thm. 4.3.8] and conclude that 
p Tl R e (p) are bounded in [0,T'] with values in C 2e for any G (0,1). As it has 

been already remarked, R £ {p) and ^^D m differ in the lower order operator R e X \ 
Hence, p vv S C 0,2e ([0, T'] x [—4/2,4/2]) for any 8 as above. In particular, p T and 
p vv are continuously differentiable with respect to r\ in [0,T'] x [— 4/2,4/2]. 
Let us now set ( = p n . The previous results show that £ g C([0, T e ); fl 

C l ([0,T s );C t ) and (r = P V r- Clearly, Cr = (1 - e" 1 )^ + D n RP p + D n Jt e (; p n ) 
in [0,T E ) x [-4/2,4/2], and C(0, •) = 0. Since the operator R { E 1] is bounded from 
Cj 3+e into C B 3/2+e for any 6 S (0, 1) \ {1/2}, the function D v R^\p) is bounded in 
[0, T'] with values in C$ for any a < 3/2. Since the function D v J(f E (-, p 2 ) is bounded 

in [0, T'] with values in as well, it follows that D v R^\p) + D r; J^(-, p n (r, •)) is 
bounded in [0,T'] with values in Cf for any a as above. Hence, Theorem 4.3.9(iii) 
of [9] implies that the functions £ T and C, m are bounded (in fact, continuous) in 
[0,T'] with values in Cj*. This completes the proof. 

6. Uniform existence of p and proof of the main result 

So far we have only proved a local existence- uniqueness result for Equation (|4. 20[) . 
In this section, we want to prove that, for any fixed T > 0, the local solution p 
exists in the whole of [0, T], at least for sufficiently small value of e. The main tool 
in this direction is represented by the a priori estimates in the next subsection. 

6.1. A priori estimates. The main result of this subsection is contained in the 
following theorem. 
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Theorem 6.1. For anyT > 0, there existe = e (T) e (0, 1/2) and K = K(T) > 
such that, if p € Wt {see Definition ^. 1\ is a solution to Equation (|4.20[) . then 

ft 

sup \p v (t,i])\+ sup / (p w (r,7j)) drj 

r€(0,T] T6 (0,T]7-^ 

ue[-/o/2,/o/2] 2 

+ [ I ' 2 (Pr{T,v)fdvdT+ I j {p Tn {T,r 1 )fdT 1 dT<K, 
Jo J-i§- Jo J-^ 

for all t € (0, T], whenever e < Eq. 

The proof of Theorem l6.1l is obtained employing an energy method. Let p £ 
solve (|4.20p . i.e., the equation 

J^(p) = y e {p) - %Pr, ~ \(Pnf + + ^) 2 ) + W), (6-1) 

for some T > 0. Multiplying both the sides of (|6.1j) by p r and integrating over 
[-4/2,4/2], we get 



^ e (p T ) p T dn = / y E (p)p T drj- / ^> rl p n p T dr] - - / (p,) p r d?7 

z J ~— J -2 J ~— 

+ / 2 ^ £ ({%+e Pv ) 2 )p T dn+ / 2 ^($)p T d7?. (6.2) 

Using the very definition of the operator (see (|4.17bl) ~) and then integrating 
by parts, yields 
,£o 

y £ (p)p T dr) 



' {-3(1 - e)p mm - Pm + 3e {D m R(Q, £ e )[p w (T' - U)]) (-,0, ■)} p r dq 

2 

= - |(1 - e)^ / <o (Pvnfdv ~ f tg P m p T dr) 

ft 

+ 3e / (D VTI R(Q, L e )[p m {T' - U)]) (•, 0, -)p T dr]. 
Therefore, we can write Equation (|6.2| in the following equivalent form: 



2^~ £S) d7 I .-fan) dr l + I ■ &e(fir)prdri 



{p v ) 2 p T dr] - / p m p T dr\ 

3e (] (D fm R(0,L e )\p vl (T , -V)])(;0,-)Prdn 

(($,, + ep n ) 2 )p T dr] - / 2 <P vPv p T dri+ I J^(^)p T dr]. (6.3) 
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In the following lemmata, we estimate the terms 

& e (p T ) p T drj, 



J* := 



.Hi. 

■2 



(D VV R(Q, L e )[p m (T' - U)]) (., 0, .)pr<fy, 

%{{% + ep v ) 2 )p T dn, 

J1f e {$)p T dn. 



The main issue is to control We have the following 

Lemma 6.2. It holds that 

r— r — 

Mr)> ] (P(r,-)) 2 dv + is \ \ (p v (r, -)) 2 d Vl 



for any r G [0, T] and any e G (0, 1 /2] . 

Proof. Of course, we can limit ourselves to proving the estimate with p T (r, •) beii 
replaced by (p £ H 2 . 

It is immediate to check that 



k=0 



where the symbol of the operator 3§ e is defined by (|5 . 2|) . Note that b e ,k 

h(X £j k) for any k = 0, 1, . . ., where the function h : [1, +oo) — > R is defined by 



3(3 + 1)^ + 2-1) 
v 7 4 s + 2 



s > 1. 



Since ft.(s) > (3s + l)/4 for any s > 1, we can estimate 



,M ^7?>^(l + eA fc )|^(fc)| ; 



k=0 



\<p\ 2 di] - 3e / (p(fnridr) 



and we are done, rj 

We now consider the terms =^2, -^3 and ^4. 
Lemma 6.3. For any r € [0,T] and any £ S (0, 1/2], it ZioWs i/iai 

\Mr)\ < ^- £ \\pAr r )\\ 2 \\p nn (T,-)\\ 2 . 

Proof. As it is immediately seen, for any r € [0, T] we can estimate 

(IVR(a, i e )[p w (T' - U)]) (r,0, > r (r, ■)*? 
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<^||er(r,-)||2||(^ nJ R(0,i £ )[p J7J7 (T / -U)])(r,0,-)||2- 

To compute the L 2 -norm of the function (D nv R(0, L e )[p m (T — U)]) (r, 0, •), we 
take advantage of Formula (|5.4[) . which allows us to estimate 

|| (D m R(Q, L e )[p m (T' U)]) (r, 0, = \ £ $^A^(r, k) 



4 

fe=0 



X k + 2 



'4 

fe=0 



where, as usual, Xfc = \/l + 4eA^ and /3(t, fc) is the A;-th Fourier coefficient of the 
function p(r, •). This accomplishes the proof, [j 

Lemma 6.4. There exists a positive constant C, independent of e € (0,1/2] and 
t G [0,T], smc/i i/iat 

|^ 3 (t)| <C'(\\ Pt (t, -) II 2 + ||Pr(r, -)h\MT, 0|| 2 + e||Pr(r, -)I|2||p w (t, OHa 

+ ell/^Cr, OlbllPwCr, Olb + ^Upt^O, OlbllPw^, OHi), 

/or any r € [0, T] . 

Proof. As in the proof of the previous lemma, it is enough to estimate the L 2 -norm 
of the function Sf e ((<!>,, (t, •) + ep n {r, -)) 2 ). For this purpose, we observe that we can 
estimate the L 2 -norm of the function ^ £ (tp), for any ip 6 H 2 , by 

+ OO / ota2 , 1 r X- , A \ 2 



ml=^xl{ 2{x k k + l)[Xk + 2) ) \m\ 



2 



191 + °° 



fc=0 

where X k = \1 + 4eAfc for any fc = 0, 1, . . . It follows that 

|IW)ll2<2|h/vll2- (6-4) 
Moreover, the symbol g k can be split as follows: 

3 1 

9k = -^A fe + — h(X k ), A; = 0,1,..., 
2 4e 

where the function h : [1, +00) — ► M is defined by 

Ms) .(_zifci), 

Clearly, < ft.(s) < 1 for any s > 1. Hence, we can split 

W) = f^y + ^ (1) W0, (6.5) 
where the operator ^i 1 - 1 is well-defined in L 2 and 

< 3||V|| 2 - (6.6) 
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We now split (for any arbitrarily fixed r £ [0, T]) 



2 



((%(T,-)) 2 )p T (T,-)dr, + 2e / t & £ ($ v (T,-)p v (T,-))p T (T,-)dr, 



Sf e ((A,(T, -))V^ := Ji(r) + J 2 (r) + J 3 (r). 

L 

To estimate Ji, we use Formula f|6.4p and Holder inequality to get 

|Ji(r)|<2||p T (r,.)|| 2 ||((^(r,-)) 2 ) w || 2 . (6.7) 

Estimating the terms J 2 and J3 is a bit more tricky. Using Formulae (|6.5[) and 
(|6.6|) . we get 

\J 2 (t)\ <3e 



=3e 



<3e||* w || )h\\p v {r, -) II 2 + 3£||$ I) || 00 ||p T ^(T, OlhH/VjCr, -)||; 

3 

+ gll^Hoollftj^Ollallpr^Olla. 



(6.8) 



Using a Poincare-Wirtinger inequality, we can continue Estimate (|6.9p and obtain 
that 

I J 2 (r)| < d (s\\ Ptv (t, Olbllp^Cr, OH2 + ll/V ; (r, OlMIPrfc -)l|a) • (6.9) 
To estimate the term Ia(r), we can argue similarly. Therefore, 



\Mr)\ <°-e 2 



Pr(T,-){{pr,{T,-)) 2 )v V dri 



Prr] 



4 ./_la 
3 



4 / £o 



IO'77(T,-)) 2 Pr(T,-)|d»7 
IG°7j(T,-)) 2 Ar(T,-)|d»7 



<3£ 2 ||p TI) (r, OlMMr, OII<»llAm( r . Oil 2 + ^(^(r, '))%\\Pt(t, -)h 

<3e 2 y/lo\\Pr V (r, OlhUp^Cr, + \(-h\\Pvv^ OllllMr, -)|| 2 . (6.10) 

Combining Estimates (|6.7[) . (|6.8[) and (|6.10p together, the assertion follows at 
once, rj 



Lemma 6.5. There exists a positive constant C, independent of e £ (0,1/2] and 
t £ [0,T], such that 

Wr)\ <c(||$ TW (T,.)|| 2 + ||a> ww (r,.)|| 2 )|| Pr (r,.)|| 2 , r£[Q,T}. (6.11) 
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Proof. Of course, we just need to estimate the terms 



jfV) =e I m p T [ D vv R(0,L s ) 



(;0,-)dr), 



Pt (D vv R(0,L s )[$ vv (T' -\J)])(-,0,-), 



the other remaining terms are easily to be handled with 



Concerning J4 , taking (|5-3[) into account we can estimate 



u (D (t)1 < 4 y 2 4X fc + 7 

9 fc (^ + l) 2 (^ + 2) 



|^r(T,fc)||* r (T,fc)| 



< 



9 ^o" (*fc + l) 2 (^ + 2) 
4 +°° 

fc=0 

4 

= gl|Pr(T,-)||2||$r W (T,-)||2. 

for any r G [0, T]. Similarly using f|5.4|) we can estimate 



4 2 V)i<±E A 



i 



-, +00 

<±5>2imt,*oii*m)i 



|/} T (r,fc)||$(r,fc)| 



k=0 



= 3II/v(t,-)I|2|* ww (t,-)I|2, 

for any r G [0, T]. Now estimate (|6.11l) follows immediately, n 

Finally, we recall the following result proved in pQ which plays a crucial role in 
the proof of Theorem 16.11 



Lemma 6.6 (slight extension of Lemma 3.1 of [T]). Let A$, Co, C\, C2 be positive 
constants. For any T > 0, there exist e$ G (0, 1/2) and a constant Kq such that, if 
A £ G C^O,! 1 ']) (T' G (0,T]) safe^es 

f 4(r) <C + CiA E (r) + C 2 e(A e (T)) 2 , tg[0,T'], 
\ A e (0) < Ao, 

for some e G (0, £q], f/ien ^4 £ (t) < .Kg /or cmy T G [0, Tq]. 



Proof of Theorem \6.1\ To begin with, we observe that, taking Poincare-Wirtinger 
inequality into account, we can estimate 



< IIPr(T,-)||2||^(r,-)l|2||^(r,-)ll 

< V / 4||Pr(T,-)ll2||P W ( T '')ll2 ) 



RIGOROUS DERIVATION OF THE KURAMOTO-SIVASHINSKY EQUATION 



25 



for any t 6 [0,T]. Hence, from Lemmata 16.2116.51 and estimate (|6.3|) . and using 
Holder inequality, we get 

|(1 - <0 J:ll/V,(^ 0112 + WpAt, 0112 + 3e\\Pm(r, Olll 

<c(||Pt(t, -)||2 + IIPrC^OIbH/VjCr, OII2 + £||p r (r, OlMKrjO, 0112 

+ e||pr,(r, OllallPfroC-r, Oil 2 + £ 2 \\Pr V {r, OIMIp^t, .)|||) , (6.12) 

for some positive constant C, depending on $ but being independent of t 6 [0, T]. 
Using Young inequality afc < ^a 2 + 6 2 , we can estimate 

q|pr(r,-)||2<i||p.(r,-)||^ + C 2 , 

C\\p T (r, -MMr, OH2 < J||Pr(r, 0112 + C 2 ||p w (r, 0||2, 
Ce||Pr(T, ONI^r, 0112 < \\\Pt{t, 0II1 + C 2 e 2 ||p w (r, 0|& 
Cellpr^r, 0l| 2 ||p w (r, OII2 < OII2 + eC 2 ||p w (r, -)lll, 

Ce 2 ||p T ^(r, 0llallAw( T ' OII2 < ^e 2 \\ Ptii {t, -)|| 2 + C 2 e 2 \\ Pm (r, -)\\ 2 . 

Hence, from (16.12[) we get 
3 d 

2 (! - e )fr\\Pvn(T> II 1 + l|Pr(r, 0112 + 3e||/Wr, 111 

<C 2 + ^ T (r,.)||l + i( £ + £ 2 )||p.,(r,0lll 
+ C 2 (l + e + e 2 )\\ Pm {T, 0112 + C 2 £ 2 ||p w (r, Olla. (6-13) 

or, equivalently, 

JrllPwfr 0112 <\c 2 +AC 2 \\p m {r, OH 2 + ^ 2 £ 2 ||p w (r, 0||2 

< ^C 2 + 4C 2 || Pw (r, 0112 + \c 2 s\\p m {r, (6.14) 

provided that e < 1/2. 

Applying Lemma IBTBI to (f6TT4|) with A e (r) = || p w (r, Oil 2 and (C ,C l7 C 2 ) = 
(4C 2 /3,4C 2 ,2C 2 /3), we immediately deduce that there exist e S (0,1/2) and 
If > such that 

/"* 

sup / {p m {T,rj)) dr] < K , 
t£(0,T] J-Q 

for any e S (0, £o)- Now, using a Poincare-Wirtinger inequality, we get 

SUp \Pr,(T,l])\ < Kl, 

-re(0,T] 
r,e[-t /2,t /2] 

for any e £ (0, £0], with K\ independent of e. 
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Finally, integrating ()6.13j) and using the estimates so far obtained, we deduce 
that 

(Pt(t,t))) d,Tdi]+ / / (p TV (r,r])) drdrj < K 2 , 

: Jo J-Q 

for some constant i^2, independent of e. The assertion now follows, rj 

Corollary 6.7. Under the assumptions of Theorem I6.il i/iere exists a constant 
M > sucft iftaf 

l|p||c ' 1 ([0,T]x[-fo/2^o/2]) < M i 

for any e £ (0,£o]. 

Proof. In view of Theorem 16.11 we have only to estimate the sup-norm of the 
function p. Since p £ &r an d p(0, •) = 0, we have 

sup \p(T,n)\< \p T (a,T])\do-, 77G[-f,f]. 
tg[o,t] Jo 

Integrating both the sides of the previous inequality with respect to 77 £ 
Ho/2,4/2], we get 

sup |p(r,77)|d?7 < / dry / | p T (cr, 77) | da 



<V^T da 2 \p T (a,n)\ 2 d V <Ky/I^T, 
Jo 



* re[o,r] 



where K is the constant in Theorem 16.11 Therefore, the function p remains 
in a bounded subset of the space L l ({-t Q /2, £ /2); L°°(0, T)). Thanks to the 
uniform estimate on p v on [0, T] x [— Iq/2,Io/2\, we infer that p is bounded in 
W /1 ' 1 ((-4/2,4/2);i oo (0,T)). Hence, by the Sobolev embedding, p is bounded in 
[0,T] x [-4/2,4/2]. This accomplishes the proof, q 

6.2. Solving Equation (|4.20|) in [0,T]. We now consider a fixed time interval 
[0, T] and < e < £0, with £ = £o(T) given by Theorem 16.11 Thanks to the a 
priori estimates of Subsection 16.11 and a classical result for semilinear problems, we 
can show that, for any e £ (0, £0], the solution p — p £ to Problem (|4.20p . given by 
Theorem 15. 6[ can be extended with a function p £ $r (see Definition 14. 1|) , which 
solves the equation in the whole of [0, T]. 

Theorem 6.8. Fix T > and let £0 = Eq(Tq) be as in Theorem \ 6.1l Then, for 
any e £ (0,£o] ; Equation (I4.20P admits a unique solution p £ Wt- 

Proof. Let us fix T as in the statement of the theorem and let e £ (0, £0). Suppose 
by contradiction that T £ < T. Then, by Theorem 16. 1[ 



sup \\p v (T,-)\\ C i([-e /2,e /2]) <K, 

r£[0,T E ) 

for some positive constant K, independent of e. Hence, the function Jtf e (-,p 2 ) is 
bounded in [0,T e ) x [~£ a /2,£ /2]. In view of 9, Prop. 7.1.8], applied to Equation 
(|4.20p , this leads us to a contradiction, rj 
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6.3. Proof of Main Theorem. We are now in a position to prove the main result 
of this paper. Let us fix a function $o G for some £ (1/2, 1). 

From the results in Subsection 16.21 we know that, for any T > 0, there exists 
£o = £o(T) such that Equation (|4.16[) admits a unique solution ip £ £ (see 
Definition 14. 1|) such that p(0, •) = $o- Moreover, by Corollary 16. 7\ 

||^(r,-)-$o(r,-)llc([-V2A/2]) <sM, t£ [0,T], 
for some positive constant M and any e £ (0, £o]- 

In view of Theorem 14. 3[ there exists a (unique) function v £ such that the 
pair (v,ip) is the unique solution to Problem (|3.1|) - ()3.3p . 

Coming back to Problem (fTTH|> - (fTTTOj) and setting l e = £ /^/e and T e = T/e 2 , it 
is now immediate to conclude that, for any e £ (0, eg], it admits a unique solution 
(u, tp) £ f Te x <3f Tc . Moreover, 

||^(t,-)-e$(te 2 ,v^-)llc(M e /2,4/2]) <£ 2 M, t £ [0,TJ. 
This accomplishes the proof of Main Theorem. 
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Appendix A. Some results from [1] 

In this appendix we recall some results from [1] that are used throughout this 
paper. 

A.l. The operator L. Let Jzf be the differential operator defined on smooth (gen- 
eralized) functions u by 

( D xx ui(x,?]) - D x ux{x,t}) +e x ui(0,rf), x < 0, \r]\ < 



(J?u)(x,r)) = 



D xx u 2 (x,r)) - D x ii 2 (x,T]), x>0, < 



Lu 



2 

and let L be its the realization in 3£ , defined by 

' D(L) = {u£ C 2 >°(I-) x C 2 >°(/+) = u, ^u £ 3C 
D x j) u 1 (0,-) = D x j) u 2 (0,-), j — 0, l|, 

D xx iii- D x u 1 +m(Q,-)e x 1 (x,r)) E I-, 
D xx u 2 -D x u 2 , (x, rj) E I+- 

Theorem A.l. The following properties are met: 

(i) the operator L is sectorial and, hence, it generates an analytic semigroup in 

(ii) the spectrum of the operator L consists of and the halfline (— oo,— 1/4]; 

(iii) the spectral projection on the kernel of L is the operator £P defined by 

&(f) = h(x,-)dx + £ e-*f 2 {x,-)dx^j U:=Q(f)U, f £ 

(iv) let f £ X ' . Then, the equation Lu = f has a solution u £ D(L) if and only if 
&>(f) = 0; 
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(v) for any A ^ (— oo, — 1/4]U{0} and any f = (/i, fa) £ 3£ ' , setting u := R(X, L){ 
it holds that 

(/•O r+oc 
/ e-^ t f 1 {t 1 r ] )dt+ / e- V2t f 2 {t,T])dt 
J -oo JO J 

(A.l) 

for any rj € [—£q/2, £q/2], where 
A. 2. The operator T e . For any e > 0, we consider the operator L + eA defined 

by 

D(L + eA) = {u e ui e C 2 <°(/_) n C°< 2 (/_) X C 2 <°(/+) n C°< 2 (/ + ) : 

u, u w , jSfu e ar, D^ttiCQ, •) = D x 3) u 2 (0, •), J = 0, 1, 
D^ Ui (-,-£ /2) = D^ Ui (-,e /2), t = 1,2, i = 0,l}, 



(T + eA)u = 



Aex^i +£-D OT Ui - D x u 1 + u 1 {0,-)e x , (x,y) € I-, 
D xx u 2 + eD vv u 2 - D x u 2 , (x,y) € I+. 

Theorem A. 2. The following properties are met. 

(i) The operator L + eA is closable and its closure L e is sectorial; 

(ii) the restriction of L £ to (I — &){3£) is sectorial and is in its resolvent set; 

(iii) let i = hip for some h G (7 — £P){X), independent of y, and some <p £ C^ a 
(a € (0,1) \ {1/2}). Then, the function R(0,L £ )f belongs to D(L + eA). 
Moreover, there exists a positive constant C, depending on e and a but being 
independent of h and p, such that 

\\D^R(0,L e )f\\^ + \\D^R(0,L e )f\\^ < C||h|HM| c2a([ _ VVo/2]) , (A.2) 
fori = 0,1,2. 

A. 3. Proof of Theorem 14.41 We split the proof into three steps. In the first 
one, we show that Problem (|4.19|) admits a unique solution $ in some time domain 
[0, To]. Since this result can be proved using the same arguments as in Subsection 
15.31 we just sketch the proof. Then, in Steps 2 and 3, we show that $ exists and is 
smooth in the whole of [0, +oo). 

Step 1. As we have already remarked in the proof of Proposition l5.4[ the realiza- 
tion A of the second order derivative in C([— £o/2, £o/2]), with domain Cj nC 2 , is a 
sectorial operator with spectrum contained in (— oo,0]. By [9j Prop. 2.4.1 & 2.4.4] 
the operator B := -3A 2 - A is sectorial in C([-£q/2, £ /2]) with domain D{A 2 ). 
Moreover, Ds(ct, oo) = C^ a , with equivalence of the corresponding norms, for any 
a e (0, 2) such that 4a g N. 

The variation of constants formula shows that any solution <£> 6 C 1,A ([0, +oo) x 
[—£o/2,^o/2]) to the Cauchy problem (I4.19|) is a fixed point of the operator T, 
formally defined by 

(T(#))(r, •) = e TB $o + f e*'— -)) 2 ^, r > 0, 
Jo 

where {e tB } denotes the semigroup generated by B. 
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Let us fix a G (1/4, 1/2). Theorem 7.1.2 in [9] implies that T has a unique fixed 
point $ in C([0, To]; Db(cx, oo)). A bootstrap argument allows to prove that $ 
belongs to 3^r - Using [HI Prop. 4.2.1] and our assumptions on $o, it can be shown, 
first that $ G C^ 4 t([0,T ] x [-4/2,4/2]) for any /3, 7 € (0,1), and, then, that 
G C0([O,To] x [-4/2,4/2]) for any /3 G (0,3/4). Moreover, D^-, -4/2) = 

J Dl/' ) 4>(-,4/2) for j = 0,1,2,3. Next, applying [9, Thm. 4.3. l(i)], we deduce that 
$ £ C M ([0,T] x [-4/2,4/2]) and is a solution to Problem ftlty . Moreover, 
since $ G I?s(l + (2 + a)/4, oo), <£> T is bounded in [0, T ] with values in D B (l/2 + 
a/4,oo). Hence, the function $ r belongs to C - 2+Q ([0, T ] x [-4/2,4/2]). As a 

byproduct, $ ww is in C*°> 2+Q ([0, T ] x [-4/2, 4/2]) as well, and D^<f>(-, -4/2) = 

V 2 ) for j = 4, 5, 6. 

Using a continuation argument, we can extend $ to a maximal domain [0, T) 
with a function (still denoted by $) which belongs to &T 1 for any T" < T. 

The rest of the proof is devoted to show that T = +oo. The main step is 
an a priori estimate suggested by the proof [121 Thm. 2.4], which deals with L 2 
regularity for the K-S equation. 

Step 2. Here, we show that 

||*,(T,-)l|a <e^ T ||A,<fo||2, t€[0,T). (A.3) 

For this purpose, we introduce the function v, defined by v(r,rj) = e _2r $^(T, rf) 
for any (r,rj) G [0, T) x [-4/2,4/2]. The smoothness of $ implies that v G 
C 1,4 ([0, T) x [—4/2,4/2]), solves the parabolic equation 

v T = -3u nw) - v m - e 2r vv. n - 2v, (A. 4) 

and satisfies the boundary conditions D^v(t, — 4/2) = D^f(r,4/2) for any r G 
[0, T) and k = 0, 1, 2, 3. Multiplying both the sides of (|A.4[) by v(t, •), integrating on 
(—4/2,4/2) and observing that the integral over (—4/2,4/2) of (u(r, -)) 2 v v (t, •) 
vanishes for any r G (0, T], we get 

±\\v(t, 0111 + 3||^(r, - |k(r, + 2||»(r, -)\\l = 0. r G [0,T). (A.5) 
In view of the estimate 

IK(r,-)||2 < Kr.Ol^ll^r.Olla^Sll^r.Olli + llKr.Olli, re [0,T), 
Formula (|A.5[) leads us to the inequality 

^Mt,-)\\1 + ±\\v(t,-)\\1<0, tg[0,T), 

from which Estimate (|A.3|1 follows at once. 

Step 3. Let us consider the function defined by 9(r, rj) = $(r, rj) — n($(r, ■)) 
for any r G [0, T) and any -q G [—4/2,4/2], where n(<j>(r, •)) denotes the average 
of $(r, •) over the interval (—4/2,4/2). Applying Poincare-Wirtinger inequality, 
we get 

||$(r,-)-n(*(r,0)||oo < V^e^ T \\D n ^\\ 2l t e [0,T). (A.6) 
Let us now show that the function r t— > n($(r, ■)) satisfies a similar estimate. 
For this purpose, we fix T 1 G (0, T), r G [0, T"), and apply the operator n to both 
the sides of (|4. 1 9[) . Since $ and its derivatives satisfy periodic boundary conditions, 

^n($(r, •)) = H($ T (r, •)) = -i-n((*,(r, -)) 2 ), 
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for any r G [0, T). Taking (|A.3[) into account, we can then estimate 



<^- Q e^\\D v <P \\l re[0,T). 



Hence, 

d 



|n($(r))|<|n(* )|- 



d T <|n($o)| + 2g^||^$o|||e^, (A.7) 



for any r £ [0,T). Estimates (|A.6|) and (|A.7|) show that $ is bounded in [0,T) x 
[—^o/2,^o/2]. Therefore, we can apply 9, Prop. 7.2.2] with X a — Db(o>, 00), which 
implies that T = +00. 
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